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value found here. It is noted that the solution of the prob-
lem is very sensitive to various parameters used such as the
earth radius and the air density model.
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Numerical Solution of Nonlinear
Equations for Spinning Shallow
Spherical Shells
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Nomenclature

E = Young’s modulus

N.* = dimensionless radial direct stress resultant, N,* =
vEf/pw?R%x

R = shell radius of curvature

b = shell peripheral radius

7 = nondimensional stress function

g = mnondimensional displacement variable

r = radial coordinate

4 = shell thickness

z = nondimensional radial coordinate, z = r/b

v = dimensionless shell inertia loading parameter, (3 +
»)p2wR?/Et

A = finite difference grid interval

A = dimensionless shell geometry parameter, A* = 12(1 —
vE)(B/R)2/(t/b)?

v = Poisson’s ratio

o = mass per unit surface area

dimensionless radial bending stress resultant, ¢, *

{3 + »)t/[12(1 — w2V} [dg/dz + g/x]

Introduction

REPARATORY to conducting an investigation of the
free vibrations of centrifugally stabilized, shallow spheri-
cal shells, 2 it was necessary to make a comprehensive study
of the shell equilibrium stress and displacement distributions
due to spin. Limitations of previous work on this problem
have been surveyed in Refs. 1, 2, and 3. Some of the prior
investigations* have used membrane theory which yields
inconsistent results in the limiting case of the shallow spherical
shell with infinite radius of curvature, the flat circular disk.
The shell configuration considered here is shown in Fig. 1.
The thin, shallow spherical shell, spinning about its polar
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Fig. 1 Geometry and coordinate system for the spin-
ning shallow spherical shell.

axis, has a peripheral radius b, and is fully clamped by a
central hub of radius ¢. The outer edge of the shell is free.
The defining equilibrium equations, based on Reissner’s non-
linear shallow shell theory® may be written in terms of first
central differences as a two-dimensional vector difference
equation?

ATy + BT: + CiTi+1 = D; + E; (1)

=23 ...,n—1)

-[2]

is the unknown column vector containing ¢, and f;, the
dimensionless displacement variable and stress function,
respectively, and where

where

1. = [(1/A2 — 1/2zA)zA? 0 ]
A= 0 (1/A? — 1/2zA)zA?
_ | (=2/A% — 1/z7)zA® Nz A?
Bi= [ —aA? (—2/A? — 1/x2)m2] 5
. = [(]/N — 1/20A)zA? 0 ] @
T 0 (1/A% — 1/2zA)xA?

o 0 oo | rAYagaAl
D: = [—x%?]’ B = [—%vyigm

The boundary conditions at the hub and at the free edge
of the shell may be written in terms of first forward and first
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Fig. 2 Nondimensional radial direct stress resultant for

a spinning shallow spherical shell, N,* = N,./owb?. Shell

geometry parameter = A* = 2401.0; Poisson’s ratio = » =
0.20.
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Fig. 3 Nondimensional radial bending stress resultant

for a spinning shallow spherical shell, ¢, = 0¢./pywb?
Shell geometry parameter = \* = 2401.0, Poisson’s ratio =
v = 0.20.

backward differences, respectively, as
BT, + CiT: = Dy; A,Tw + B.T» = D, (3)

where

= [$€2 (—~1/A B V/$)ZBA2]

B - [(I/A ~ /A Aoz]

-0 8} en[38 @

D, = [—A2z3(/)(3 + v)]; D = [8]

The finite difference expressions are based on a choice of
n evenly spaced solution points with an interval A. Ignor-
ing, for the moment, the nonlinear terms, Z;, in Eqgs. (1), we
define a sequence of linear, two-dimensional vector difference
equations

BlTl + 01T2 = D1
A2T1 + BzT‘z ‘]” C‘sz = D2
AT + BT: + CTix = Dy 5)
AniTr—e + ByiTny + Co Ty = Doy
ATy 4+ BT, = D,

Method of Solution

The first approach to the solution of Eqs. (1) was the ap-
plication of Archer’s finite difference method for the solution
of the nonlinear equations for shells of revolution.” Archer’s
technique involves solving the linear portion of the problem,
Egs. (5), and then utilizing the linear solution to evaluate
the nonlinear terms. These are then treated as additional
nonhomogeneous contributions to the linear equations for the
next solution step. This procedure is continued until suec-
cessive solutions coincide to within a specified error. Archer’s
chief contribution is the finite difference scheme that he
has found to be appropriate for solutions to the successive
linear two-point boundary value problem. In attempting
to solve Egs. (1), it was found that Archer’s method failed
to converge for certain combinations of the shell geometry
and inertia loading parameters. A slightly modified method
was then employed which uses Archer’s finite difference
technique but defines the successive linear two-point boun-
dary value problem involved in the iteration in a different
way. This method converged for all cases run.

The first step in solving Eqgs. (1) is to obtain a solution to
the linear problem defined by Eqgs. (5) using Archer’s ap-
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proach. The first equation of (5) may be written
T1 + R1T2 = S1 Where R1 = B1_101 and Sl = Bl_lDl (6)

Eliminating T from the second equation of (5), using the
expression (6), yields

Ty + RT3 = S, where By, = W,"1(,

M
Sg = W/vQ——l(Dz - Azsl), and I/VQ = Bz - A2R1

Continuing this procedure through the (n — 1)th equation
of (5) will yield
T3 + R3T4 = Sa
Ti + RT:;a =S, ®)
Tn-l + Rn—lTn = Sn“l

where Rj = VV,'—ICJ', Sj = VV]-“I(D]' - Aij—1), and I/V,‘ =
B; — A;R;.

The (n-1)th equation of (8) and the nth equation of (5)
may be solved for T\, yielding the following set of equations:

T1 + Rsz = Sl
Ty + R.T5 = S
T:+ RTiy =8 9
Ty + BoiThn = Sums
T, =8,

where S, = W, (D — BuSa-1), and W, = C,, — Aulu-1.

Note that Eqgs. (9) have essentially been reduced to an
‘“‘upper triangular” form; thus the solution of the linear
equations may be considered a Gauss reduction technique.
The nth equation of (9) yields T, directly as

Tn = (Cn - Aan—l) *I(Dn — AnSn*l) (10)

Back substitution into the » — 1 remaining equations
yields values for all the T, (j = n,n — 1,n — 2, ..., 3,2,1).
We now have a solution, T; (1), to the linear portion of (1).
The true solution to the total nonlinear problem defined by
Egs. (1) may be written

T; = T5(1) + T5(2) (11)
where the T';(2) are unknown remainder terms. Substituting

(11) into (1), the governing equations for the remainder
terms become

AT i(2) + Bi2)Ti(2) + Co2DT:(2) =
D) + Fi2) (12)
where 4,(2) = 4, Ci(2) = (4,

— A2 ¥ — A2 4.
B.(2) = B; + I: §2¥g:fl A ’{))\ z:I
. ’[AZ A4
D«2) = [f-%gig:/Nv]
oy | YAY(2)g:(2) A?
Bi@) = —%vgxz)gi(zw]

and where g; = ¢:(1), fi = fi(1) are known functions of z.

Repeating the linear solution procedure, the solution to the
linear portion of (12), T;(3), is used to express the total solu-
tion of (12) as

T52) = T5(3) + T;(4) (13)

where the 7;(4) are again some unknown remainder terms.
After m such iterations, the equations for the unknown re-
mainder terms T';(2m) are

D;(2m) 4+ E.(2m) (14)
with
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Ai(Zm) = Ai, Cl(Qm) = CI;‘

_AZ )\4 7; _A2 >\4 ;
Bi(2m) = B; + [ N;Ygif o g:l
, _ | fig:iA2yAt :l
D:@m) = —30.9:A%

| vAY.(2m)g.(2m) A2
Ei2m) = [——%vgx2nogxzm>az]

where now

=9 =T+ T O 1) =
1, =[%]=10+ 16 +.. + Ten -1

L) + L3+ ..o+ fi@@m — 1)

The iteration is repeated until the remainder terms T';(2m)
become small compared with the accumulated solution 77;(1)
+ 7;3) + ...+ T;(2m — 1). The main advantage of the
modified method is that after the first iteration some features
cof the nonlinearity are included in the linear equations, whereas
in Archer’s approach the particular nature of the nonlinear
terms is relatively unimportant at a given solution step.

Reference 3 contains a comprehensive summary of the
stresses and displacements in a spinning shallow spherical
shell obtained by using Reissner’s linear® and nonlinear®
theories for a significant range of shell geometry and inertia
loading parameters. Figures 2 and 3 show the variation of
two of the stress components, the nondimensional radial
direct stress and radial bending stress resultants, respectively,
for a shell with fairly substantial curvature.

Note in Fig. 2 that for low v or low inertia loading, the
nonlinear and linear solutions nearly coincide whereas for large
v the solution is nearly that of a flat disk. For small v, a
membrane stress distribution is approached. As the inertia
lIoad increases, the shell progressively flattens out and the
stress distribution alters radically, until, finally, the stress
distribution is essentially the same as if the shell had been
flat to start with. That is, the stress required to overcome
the initial curvature is small compared to the added stress
built up after the disk is almost flat.

As shown in Fig. 3, nonlinear effects appear in the bending
stress resultant at even small inertia loadings. The effect
of increasing v is to decrease the bending stress.. For high
v the residual bending stress becomes small as the membrane
effects predominate.
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Unsteady Three-Dimensional
Stagnation-Point Flow

DaxieL F. Jankowsk1* anp Joun M. GErsTING JR. T
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Nomenclature
fi F, g, @ = nondimensional velocity functions
n = (8/a)V?
P = pressure
P = nondimensional pressure function
t = time
U, v, W = z, 7, 2z velocity components, respectively
z = coordinate tangent to surface
y = coordinate normal to surface
z = coordinate normal to z, ¥ plane
a, B, v = constantsin velocity components
n, & = similarity variablesin y and ¢
A = acceleration parameter
v = kinematic viscosity
0 = density
Introduction

N a recent Note, Williams! found exact solutions to the
Navier-Stokes equations for a special class of unsteady in-
compressible flows in the vieinity of either a two-dimensional
or an axisymmetrie stagnation point. These solutions are ob-
tained by solving a single nonlinear, ordinary differential
equation. In the present Note, we show, by extending the
work of Howarth? on the boundary layer in three-dimensional
flow, that exact solutions to the Navier-Stokes equations are
possible for a similar class of unsteady incompressible flows
in the vicinity of a stagnation point on a general (three-dimen-
sional) surface. In this general case, the problem reduces to
two simultaneous nonlinear, ordinary differential equations
containing a parameter; for particular values of this parame-
ter, the two-dimensional and axisymmetric cases are re-
gained.

Analysis

Consider an infinite plate in the z-z plane. There is a
stagnation point at x = y = 2z = 0. The class of three-di-
mensional (steady) flows considered by Howarth is charac-
terized by u ~x,w ~z,and v ~ y as y — o, and is deter-
mined by solving the Navier-Stokes equations exactly. The
two-dimensional unsteady flow considered by Williams is
characterized by v ~ z/(1 + A) and v ~ y/(1 + M) as
y — . His unsteady axisymmetric case exhibits a similar
time dependence. Here, guided by the aforementioned con-
siderations, we incorporate the unsteady similarity variable
of Williams’ work with the three-dimensional form used by
Howarth. Thus, for a three-dimensional, unsteady stagna-
tion-point flow, the velocity components are assumed to be

u = azF'(§)/(1 + N),w = BG'(§)/(1 + N) (1)

and
v = —[p/v(1 + M)[V*{aF (&) + BG(H)} 2)
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